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We study time-dependant Hawking-like radiation as seen by an infalling observer during gravita-
tional collapse of a thin shell. We calculate the occupation number of particles whose frequencies are
measured in the proper time of an infalling observer in Eddington-Finkelstein coordinates. We solve
the equations for the whole process from the beginning of the collapse till the moment when the
collapsing shell reaches zero radius. The radiation distribution is not thermal in the whole frequency
regime, but it is approximately thermal for the wavelengths of the order of the Schwarzschild radius
of the collapsing shell. After the Schwarzschild radius is crossed, the temperature increases without
limits as the singularity is approached. We also calculate the density matrix associated with this
radiation. It turns out that the off-diagonal correlation terms to the diagonal Hawking’s leading
order terms are very important. While the trace of the diagonal (Hawking’s) density matrix squared
decreases during the evolution, the trace of the total density matrix squared remains unity at all
times and all frequencies.
I. INTRODUCTION
Hawking radiation from a black hole is an extensively
studied subject. Yet, there is still a lot to learn about it.
Most of the studies of Hawking radiation are done from
the point of view of an outside observer who is watching
outgoing radiation from a black hole. A very small frac-
tion of the literature (see e.g. [1–6]) is dedicated to the
question of what an infalling observer would see. Naively,
one might argue that an infalling observer should not reg-
ister any Hawking radiation because of the equivalence
principle since he is in a free fall state. However, we know
that the equivalence principle is valid locally, where the
locality is defined by curvature radius. Therefore, while
an infalling observer would not see all the particles which
are excited in this space-time, he will definitely observe
modes whose wavelengths are comparable or larger than
his local curvature radius. Only those modes whose wave-
length is shorter than the local curvature radius around
him would remain invisible. It is therefore expected that
an infalling observer would also register radiation.
In this paper we study radiation which is excited by
a collapsing shell as observed by an infalling observer
in Eddington-Finkelstein space-time foliation. Since the
spacetime metric is time dependent during the collapse,
modes of radiation of the field which propagates in such
a background will be excited. We will use the functional
Schrodinger formalism to calculate the modes which are
excited by the collapsing shell from the start of the col-
lapse when the shell is larger than its own Schwarzschild
radius, until the moment when the shell collapses to a
point and singularity is formed. Unlike some of the pre-
vious work, we will not use any approximations and our
results will be exact (although the final spectra are cal-
culated numerically). Since the functional Schrodinger
formalism gives the wavefunction for the state of excited
radiation, we will also calculate the relevant density ma-
trix. If one keeps just the diagonal terms in the density
matrix (i.e. particles) then the evolution does not appear
to be unitary. However, if one includes the correlations
between the diagonal modes then one recovers unitary
evolution.
II. THE SETUP
We consider an infinitely thin collapsing shell of the to-
tal massM (we will see below that the total mass includes
the rest mass, kinetic energy, and gravitational energy of
self-interaction). For our purpose, the shell has constant
energy per unit area, i.e. σ =const. The collapsing shell
induces a time-dependent metric. This time-dependent
metric will in turn excite modes of radiation. We will
study this radiation in the space-time foliation of an in-
falling observer in the Eddington-Finkelstein coordinate
system, which is not singular at the horizon. The metric
outside of the collapsing shell is given by
ds2 = −
(
1− Rs
r
)
dv2 +2dvdr+r2dΩ2, r > R(v). (1)
where R(v) is the time-dependent radius of the shell,
while Rs = 2GM . The infalling time parameter v for
the Eddington-Finkelstein coordinate system is defined
as
v = t+ r∗ (2)
Here r∗ is the standard tortoise coordinate. The interior
of the shell is just a flat spacetime due to the Birkoff the-
orem. The interior metric is therefore Minkowski, though
with the different time parameter, T ,
ds2 = −dT 2 + dr2 + r2dΩ2. (3)
The metric exactly at the shell can be written as
ds2 = −dτ2 + r2dΩ2 (4)
where τ is the proper time of an observer who is sitting
on the shell. Using Eq.(1), Eq.(3) and Eq.(4), we can
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2find the relations connecting time coordinates T and v
with τ as
dT
dτ
=
√
1 +
(
dR
dτ
)2
(5)
and
dv
dτ
=
1
B
dR
dτ
−
√
B +
(
dR
dτ
)2 (6)
where
B ≡ 1− Rs
R
. (7)
Eq.(5) and Eq.(6) can be used to relate v and T as
dv
dT
=
1√
R2v − 2Rv +B
(8)
where Rv =
dR
dv . We can further use Eq.(6) to arrive at
the relation
Rv =
B
1−
√
1 + BR2τ
(9)
In [? ], it was shown that the total mass of the collapsing
shell, M , is a conserved quantity of the system and it is
given by expression
M = 4piσR2
(√
1 +Rτ
2 − 2piGσR
)
. (10)
Obviously, the total mass includes the rest mass Mrest =
4piσR2, kinetic energy represented by R2τ , and gravi-
tational energy of self-interaction GM2rest/(2R). The
conservation of M during the evolution can simply be
checked by taking the time derivative and using the equa-
tions of motion. We can use Eq. (10) to express Rτ as
Rτ =
√(
M
4piGR2
+ 2piσGR
)2
− 1. (11)
Eq. (11) together with Eq. (9) can be used to find the
evolution of the shell as a function of time. Once we know
the classical dynamics of collapsing shell, we can proceed
further by putting a scalar field in this time dependent
background and look for its excitations. The action for
such configuration is
S =
∫
d4x
√−g 1
2
gµν∂µΦ∂νΦ. (12)
We can expand the scalar field in terms of real basis func-
tions
Φ =
∑
k
ak(v)fk(r). (13)
The exact form of the basis functions, fk(r), will not
matter, and the coefficients ak will play the role of the
dynamical variables after quantization in the functional
Schrodinger formalism. Since the metric inside and out-
side of the shell have different forms, the action should be
written separately for each case. The action for interior
of the shell is
Sin = 2pi
∫
dT
∫ R(v)
0
drr2
[−(∂TΦ)2 + (∂rΦ)2] . (14)
Similarly, the action outside of the shell is
Sout = 2pi
∫
dv
∫ ∞
R(v)
drr2
[
∂vΦ∂rΦ + ∂rΦ∂vΦ
+
(
1− Rs
r
)
(∂rΦ)
2
]
. (15)
Using Eq.(8), we can rewrite Sin in term of coordinate v.
This yields
Sin = 2pi
∫
dv
∫ R(v)
0
drr2
[
− 1√
Rv
2 − 2Rv +B
(∂vΦ)
2
+
√
Rv
2 − 2Rv +B(∂rΦ)2
]
.
(16)
The total action for the scalar field is now
S = Sin + Sout. (17)
After substituting the expressions for Sin and Sout we
have
S =2pi
∫
dv
[ ∫ R
0
drr2
(
− 1√
Rv
2 − 2Rv +B
(∂vΦ)
2
(18)
+
√
Rv
2 − 2Rv +B(∂rΦ)2
)
+
∫ ∞
R
drr2∂vΦ∂rΦ +
∫ ∞
R
drr2∂rΦ∂vΦ
+
∫ ∞
R
drr2
(
1− Rs
r
)
(∂rΦ)
2
]
. (19)
This action can be rewritten in terms of the functions ak
with the help of Eq. (13) as
S =
∫
dv
[1
2
1√
Rv
2 − 2Rv +B
a˙kAkk′ a˙k′
− 1
2
√
Rv
2 − 2Rv +B akDkk′ak′ − 1
2
a˙kYkk′ak′
− 1
2
akY
−1
kk′ a˙k′ −
1
2
akCkk′ak′
]
, (20)
3where a˙ = da/dv, while A, Y, D and C are matrices
given by
Akk′ = −4pi
∫ R
0
drr2fk(r)fk′(r), (21)
Dkk′ = −4pi
∫ R
0
drr2f ′k(r)f
′
k′(r). (22)
Ykk′ = −4pi
∫ ∞
R
drr2fk(r)f
′
k′(r), (23)
Ckk′ = −4pi
∫ ∞
R
drr2
(
1− Rs
r
)
f ′k(r)f
′
k′(r). (24)
The explicit form of these matrices depend on the func-
tional form of the basis fk(r). However, we are interested
in the dynamics of excitation of the modes not in their in-
ternal structure, so we will not need their explicit forms.
It can be seen from above relations that matrices are
symmetric and real, and in particular Y = Y−1. Let’s
define a shorthand
λ(v) ≡
√
Rv
2 − 2Rv +B (25)
where Rv =
dR(v)
dv . We can rewrite the action as
S =
∫
dv
[ 1
2λ
a˙kAkk′ a˙k′ − λ
2
akDkk′ak′
− 1
2
Ykk′ (a˙kak′ + aka˙k′)− 1
2
akCkk′ak′
]
.
(26)
Assuming that all matrices can be diagonalized simul-
taneously (which we admit is a strong assumption) we
get
L = 1
2λ
mb˙2 − ybb˙− 1
2
(λl + k)b2 (27)
where m, y, l and k denote eigenvalues of A, Y, D and
C respectively, whereas b is the eigenmode (which is a
linear combination of the original modes a). While there
are infinitely many original modes ak, they all have the
same form of Lagrangian after diagonalization. Thus, it
will be enough to solve the dynamics for one eigenmode
b. Using standard classical calculation the Hamiltonian
of the system which follows from this Lagrangian is
H =
λ
m
[
pi2
2
+ piyb+
1
2
(y2 + lm+
km
λ
)b2
]
, (28)
where pi is the generalized momentum corresponding to
the dynamical variable b. It is important to mention
that we did not use any approximation, so this is full
Hamiltonian for the scalar field propagating in the back-
ground of a collapsing shell w.r.t the infalling observer.
In the next section, we quantize this Hamiltonian using
standard quantization technique to obtain the wavefun-
tion which contains all the information about the excited
modes, i.e. radiation.
III. QUANTIZATION
The first step in quantization is to promote the mo-
mentum pi into an operator, i.e. pˆi = −i ∂∂b . Next, we
have to worry about ordering the operators. There are
different conventions when one goes from a classical to
quantum Hamiltonian. Here we chose the Weyl order-
ing because it appears to be a natural choice if we look
at the metric in the Eddington-Finkelstein coordinates.
The mixed term in the Hamiltonian (pib) arises due to
the cross term in the metric and it is actually of the form
(pib+bpi2 ). Therefore, Weyl prescription preserves the nat-
ural order of terms and treats b and pi on equal footing.
Thus, we write
pib→ (pˆibˆ+ bˆpˆi)
2
. (29)
With this prescription, the standard Schrodinger equa-
tion
Hψ = i
∂ψ
∂v
(30)
is given as
i
∂ψ
∂v
=
λ
m
[
−1
2
∂2
∂b2
− iy
2
(
1 + 2b
∂
∂b
)
+
1
2
(y2 + lm+
km
λ
)b2
]
ψ.
(31)
We now use an ansatz for the solution
ψ(b, v) = exp
[− iyb2
2
]
φ(b, v). (32)
After little algebra we arrive at
i
∂φ
∂v
=
λ
m
[
−1
2
∂2
∂b2
+
1
2
(lm+
km
λ
)b2
]
φ (33)
As we can see, our ansatz significantly simplifies the equa-
tion that we have to solve. We now define a new time
parameter
η =
∫
dv′
√
Rv
2 − 2Rv +B, (34)
which removes the time dependence from the coefficient
in front of the kinetic term and reduces the Schrodinger
equation to
i
∂φ
∂η
=
[
− 1
2m
∂2
∂b2
+
m
2
(
l
m
+
k/m
λ
)
b2
]
φ. (35)
This equation can be written in the standard form as[
− 1
2m
∂2
∂b2
+
m
2
ω2(η)
]
φ(b, η) = i
∂φ(b, η)
∂η
, (36)
where
ω2(η) =
l
m
+
ω0
2√
Rv
2 − 2Rv +B
. (37)
4Here, we defined ω20 ≡ k/m which is just the initial fre-
quency of the mode at the time it was created. Since
background is time dependent, ω will evolve as time pro-
gresses. The time dependence is encoded inside λ =√
Rv
2 − 2Rv +B. The term l/m is a constant shift in
the frequency which depends on the eigenvalues of the
matrices A and D. The solution of Eq.(36) is
φ(b, η) = eiα(η)
( m
piθ2
)1/4
exp
[
im
2
(
θη
θ
+
i
θ2
)
b2
]
,
(38)
where θ(η) is the solution of the ordinary differential
equation given by
θηη + ω
2(η)θ =
1
θ3
. (39)
Therefore, we converted a partial differential equation
into a ordinary differential equation which are much eas-
ier to handle. The initial conditions for θ are taken at
some large value of η (which corresponds to a large value
of R) denoted by ηi, so that
θ(ηi) =
1√
ω(ηi)
, θη(ηi) = 0, (40)
where the subscript v stands for the derivative w.r.t v.
The phase factor in Eq. (38) is
α(η) = −1
2
∫ η dη′
θ2(η′)
. (41)
If we transform Eq.(39) to coordinate v, it becomes
θvv − λv
λ
θv + λ
2ω2(v)θ − λ
2
θ3
= 0. (42)
In Eq. (42), ω2(v) is the frequency measured by an ob-
server with η coordinate, just written in terms of v by us-
ing appropriate transformation from η to v. The proper
frequency measured by an infalling observer is actually
given as
Ω(v) = dηdvω(η) = λω(v) (43)
=
√
lλ2
m + ω0
2λ. (44)
Here both terms are time dependent, so for ω0 = 0, Ω
can be non zero.
The total wavefunction which is a solution to the
Schrodinger equation can now be written as
ψ(b, v) = Exp
[
− iy
2
b2
]
φ(b, v). (45)
We can expand this wavefunction in terms of simple har-
monic oscillator basis, which provide a natural basis for
particle excitations, as
ψ(b, v) =
∑
n
cn(v)ϕn(b), (46)
with the expansion coefficients
cn =
∫
dbϕ∗n(b)ψ(b, v). (47)
This definition is usual in the context of the functional
Schrodinger formalism (see e.g. [7–13]). For even values
of n (see the appendix), cn are given by
cn(v) =
(−1)n/2eiα
(Ωλ−1θ2)1/4
√
2
P
(
1− 2
P
)n/2
(n− 1)!!√
n!
(48)
where P is
P = 1− iλ
Ω
(
θv
θλ
+
i
θ2
)
+
iyλ
mΩ
. (49)
All cn for odd values of n vanish. The occupation number
of the excited particles as a function of frequency Ω by
the time v < vf (where vf is the final time when we count
the excited modes), is given by
N(v,Ω) =
Ωθ2
4λ
[(
1− λ
Ωθ2
)2
+
(
θv
Ωθ
− yλ
mΩ
)2]
. (50)
IV. RADIATION SPECTRUM
As stated earlier, Eq. (9) can be used to find the clas-
sical evolution of the collapsing shell in infalling observer
coordinates. R(v) can be found by numerically solving
differential equation given as
Rv(v) = B
1−√√√√1 + B(
M
4piGR(v)2 + 2piσGR(v)
)2
− 1

−1
(51)
which then enters the expression for λ in Eq. (25) and
all the subsequent equations. We set up the initial
condition of the system so that shell crosses its own
Schwarzschild radius at v = 0. It is important that
the Rmax <
1
4piσG otherwise shell will be within its
own Schwarzschild radius at the beginning. We set
eigenvalue m and Newton’s constant G equal to unity
for the purpose of numerical calculations. In Fig.(1),
the occupation number of excited modes N(v/Rs,Ω) is
plotted as a function of Ω at different times, v/Rs, for
the eigenvalues y = 0.01, l = 0.00001. We see that the
spectrum follows near Planckian distribution (but it is
not exactly Planckian). This fact will allow us to fit
an approximate temperature, T , of radiation since the
Planckian distribution goes as 1/(eΩ/T − 1). It is also
noticeable that all frequencies are not excited due to
finite value of the eigenvalue l. In Eq. (44), ω0 = 0 gives
Ωmin = λ(v)
√
l/m, which means there is a lower bound
on frequency, Ωmin, below which the modes are not
excited. Since λ is a monotonically increasing function
of v, Ωmin increases as the shell approaches singularity.
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FIG. 1: N(v, Ω) is plotted as a function of Ω at several
different times. We set y = 0.01, l = 0.00001, Rs = 100 and
σ = 3 ∗ 10−6. Shell crosses its event horizon at v/Rs = 0 and
approaches singularity at v/Rs = 5.68 ∗ 10−6. The particle
spectrum is following approximately Planckian distribution
with some fluctuations. Low frequencies are not excited due
to finite value of l. As v/Rs increases minimum excitable
frequency increases.
In Fig. (2), we plot ln(1 + 1/N) as a function of Ω
which will gives us an estimate of the temperature of the
emitted radiation. The slope of this graph is inversely
proportional to temperature of the radiation. Since
the distribution in Fig. 1 is not thermal (Planckian),
this analysis will only give rough estimate. We see that
slope of the curve is decreasing as v increases. This is
expected because as shell approaches the singularity,
more higher energy states get excited and temperature
increases. The initial stage of the collapse, when the
shell is far from its own Schwarzschild radius, exhibits
highly non thermal features to draw any conclusion
about its temperature. Though distribution never seems
to become thermal in the whole frequency range, one
can still fit the temperature for wavelengths which are
comparable to the Schwarzschild radius when the col-
lapsing shell is close to it. Using linear fit for Ω < 0.01,
we find out that TB ∼ 0.002 at v = 0, for Rs = 1000 and
σ = 3 ∗ 10−5. We found that the temperature decreases
with increasing mass and surface density of shell. This is
consistent with standard result that the black hole tem-
perature is inversely proportional to its mass. We also
find out that temperature increases monotonically with
eigenvalue y. This trend can be seen in other graphs too.
While choosing values for σ in order to generate the
numerical plots, one has to be careful not to choose the
values that yield a black hole to begin with. A large
constant σ together with large initial radius R give an
object which is already with its own Schwarzschild radius.
The condition to avoid this case is max(R) < (4piGσ)−1.
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FIG. 2: In this figure, we plotted ln(1+1/N) as a function of
Ω at various time. For simplicity we put l = y = 0. We chose
Rs = 1000 and σ = 3 ∗ 10−5. The slope of ln(1 + 1/N) vs Ω
is inversely related to temperature of the emitted radiation.
The curve can be approximated linear for Ω < 0.01. We
fitted the curve in this range and got T ∼ 0.002, T ∼ 0.003,
T ∼ 0.006 at v = 0 (at the moment when the shell is crossing
its own Schwarzschild radius), v = 40 and v = 55 respectively.
As expected, temperature is increasing as v is increasing (i.e.
time is progressing).
V. DENSITY MATRIX AND INFORMATION
CONTENT
Since our formalism gives us the full wavefunction of
the excited radiation, we can now study the information
content in it. This can be done by constructing the den-
sity matrix(ρˆ) for the system. Since we already know the
cn (see Eq.(48)), individual elements of the density ma-
trix can be evaluated numerically. A density matrix of a
quantum system is defined as
ρˆ = |ψ〉 〈ψ| . (52)
using Eq.(46), we can re write density matrix as
ρˆ =
∑
m,n
cmn |φm〉 〈φn| (53)
where cmn ≡ cm ∗ cn. The time evolution of the system
is encoded in coefficients cm, cm. Only even terms in
density matrix will survive due to the vanishing cn for
odd values of n. The structure of matrix will be
M =

c00 0 c02 0 ..
0 0 0 0 ..
c20 0 c22 0 ..
0 0 0 0 ..
. .. .. .. ..
. .. .. .. ..

If a system is in a pure state, then Tr(ρˆ2) = 1. A state
is mixed if Tr(ρˆ2) < 1, with extreme case of a maximally
6mixed state with Tr(ρˆ2) = 0. Such system contains no
information in it. In Fig.(3) we plotted Tr(ρˆ) and vari-
ous cmn as a function of time at fixed frequency(Ω). We
extend the plot almost to the time when the singularity
is formed, which happens at v = 66.54. At that point
all the calculations break down. We can see that Tr(ρˆ)
remains one at all times, including the time after the
Schwarzschild radius is passed at v = 0. Initially the
coefficient c00 is one, while all higher excited modes are
zero meaning that the system starts from vacuum. As v
increases higher states are excited due to time dependent
spacetime, so all of the higher terms cmn increase while
c00 decreases. Most importantly, the off diagonal cmn
terms which represent correlations between the emitted
particles are of the same order of magnitude as diago-
nal terms which represent particles. This is important
because the correlations are often ignored under the as-
sumption that they are negligible. However we will see
that if the off- diagonal terms are ignored then one would
erroneously conclude that Tr(ρˆ2) < 1 and information is
lost.
-300 -250 -200 -150 -100 -50 v
0.2
0.4
0.6
0.8
1.0
Tr(ρ)
C00
C02
C22
C24
C44
FIG. 3: We plot various density matrix elements cmn as a
function of time, v, at Ω = 10 almost to the time when the
singularity is formed. We set y = 5, l = 1, σ = 3 ∗ 10−5
and Rs = 1000. We see that Tr(ρˆ) remains one at all times.
Initially c00 is one (vacuum) and other terms are zero, but
as time increases higher terms increase. the off diagonal cmn
terms which represent correlations between the emitted par-
ticles are of the same order of magnitude as diagonal terms
which represent particles.
To get some more information, in Fig.(4) we plot Tr(ρˆ)
and various cmn as a function of infalling observer’s fre-
quency Ω at a fixed time v = 0. We find that Tr(ρˆ)
remains one for all frequencies as it should. We also
see that c00 increases as frequency increases but all the
other elements decrease with frequency. This means that
modes at higher frequencies are more difficult to excite
and they prefer to stay in their vacuum. Again there is
a lower bound on allowed frequency range due to finite
value of l.
Now we want to contrast the total density matrix ρ,
which contains the complete information about the sys-
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C24
C44
FIG. 4: We plot the density matrix elements cmn as a function
of Ω at v = 0. We fix y = 4, l = 1, σ = 3∗10−5 and Rs = 1000.
c00 increases with Ω while all the other cmn decrease with Ω.
This means that modes at higher frequencies at some fixed
time prefer to stay in their vacuum. Tr(ρˆ) remains unity at
all Ω.
tem (both diagonal and off-diagonal terms), with the den-
sity matrix ρh, which contains only the diagonal terms,
i.e. Hawking quanta. In Fig. (5) we simultaneously plot
Tr(ρ2) and Tr(ρ2h) as a function of time at fixed Ω. As
we can see from the plot, Tr(ρ2h) starts at unity indi-
cating that the quantum state is pure. As the time is
progressing, Tr(ρ2h) is decreasing indicating that the sys-
tem is evolving from the pure to a mixed state. However
Tr(ρ2) is unity at all times, so if off-diagonal terms are
also taken into account the system remains pure. This
means that correlations between the emitted quanta are
crucial in preserving unitarity of the evolution. Obvi-
ously, the state remains pure even after the shell crosses
its own Schwarzschild radius at v = 0. For technical rea-
sons we could not extend our graph all the way to the
singularity because higher and higher modes get rapidly
excited, while we can take only finite number of terms in
our density matrix.
In Fig. 6, we plot Tr(ρ2) and Tr(ρ2h) as a function
of Ω at the fixed time v = 0. Again Tr(ρ2) remains
unity for all frequencies indicating that the total state is
pure. Tr(ρ2h) is close to one at higher frequencies which
means that the correlations at higher frequencies are less
important. This happens because at high frequencies the
term c00 is dominant and higher terms are not excited.
From Eq.(48), we can see that cn is depends on the
eigenvalue of y. To study this dependence, In Fig. (7)
we plot Tr(ρ) for different values of y while keeping same
value of v = 0 and l. We see that, for large values of
y, the plot of Tr(ρ) which can technically incorporate
only a finite number of terms departs from unity at low
frequencies. In that regime the calculations cannot be
trusted and one has to increase the number of calculated
terms cmn.
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FIG. 5: Here we plot the trace of the squared density matrix
which includes all the elements, Tr(ρ2), and the trace of the
squared density matrix which includes only the diagonal terms
(Hawking quanta), Tr(ρ2h), at Ω = 10 as a function of time.
Other parameters chosen to be y = 5, l = 1, σ = 3 ∗ 10−5
and Rs = 1000. Tr(ρ
2
h) starts from unity, but then decreases
as time progresses indicating information loss. On the other
hand Tr(ρ2) remains unity all the time, which means state is
pure at all times due to the significant contribution from off
diagonal elements.
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FIG. 6: Tr(ρ2) and Tr(ρ2h) are plotted at fixed v = 0 as a
function of Ω. Relevant constants are chosen as y = 4 and
l = 1, σ = 3 ∗ 10−5 and Rs = 1000. Tr(ρ2h) is close to
unity only at higher frequencies where c00 is dominant and
higher terms are not excited. However Tr(ρ2) is unity at all
frequencies.
VI. CONCLUSIONS
In this paper we studied radiation emitted by a col-
lapsing shell in Eddington-Finkelstein spacetime folia-
tion which corresponds to an infalling observer. Dur-
ing the gravitational collapse, the spacetime metric is
time-dependent which leads to particle production even
in Eddington-Finkelstein frame. Naively, equivalence
principle might imply that an infalling observer should
not register any radiation since he is not an accelerated
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FIG. 7: Here we plot Tr(ρ) for different value of the eigenvalue
y keeping l = 0, Rs = 1000 and σ = 3∗10−5 at v = −0.1. We
can see that as y increases, Tr(ρ)< 1 at low frequencies, which
indicates that one has to increase the number of calculated
terms cmn in order to bring Tr(ρ) back to unity. Hence higher
order terms are more prominent at higher value of y.
observer. This statement is certainly true for a non-
accelerated observer in Minkowski spacetime. However,
in a curved spacetime, an infalling observer is in a effec-
tively flat spacetime only in an infinitesimal neighbour-
hood of a point, so such an observer might not observe all
the wavelengths of radiation but he would certainly ob-
serve some of them. We performed explicit calculations
in the framework of the functional Schrodinger formal-
ism to find the analytic form of the spectrum of excited
modes. We did not use any approximations, so our re-
sults are exact, though the final plots are calculated nu-
merically. We find that the spectrum is thermal only in
a limited range of frequencies. By performing the best
fit through the approximately thermal part of the spec-
trum, we find that the temperature of radiation increases
as the collapse progresses. When the shell is near its own
Schwarzschild radius, the temperature is finite and close
to the Hawking temperature. As the shell is collapsing
to a point and approaching singularity, the temperature
grows without limits (this conclusion will of course be
evaded if quantum effects are able to remove the classi-
cal singularity from the center [14–25]).
Our formalism gives the full wavefunction of the ex-
cited radiation, and we studied the information content
in it by constructing the density matrix for the system.
We showed that it is not enough to keep only the diag-
onal terms (particles) in the density matrix. This would
lead to an apparent information loss, since a trace of
the square of such a density matrix would depart from
unity during the collapse. In contrast, if we include the
off-diagonal terms which encode correlations between the
diagonal modes then the trace of the square of the den-
sity matrix remains unity at all times and all frequencies,
indicating unitary evolution from the beginning till the
end of the collapse. Once the singularity is encountered,
8the whole formalism breaks down, at which point the in-
falling observer presumably does not exist anymore. At
that point the equations of motions become singular, so
we cannot extend the analysis beyond this point.
While the standard infirmation loss paradox is formu-
lated for an asymptotic observer, it was still instructive
to calculate the density matrix for this case too. If noth-
ing else, we learned that in this case too the diagonal
terms in the density matrix are not sufficient, and most
of the infirmation is actually hidden in the correlation
between the diagonal terms [26], which agrees well with
Page’s argument made for a thermodynamical system in
the absence of gravity [27]. Since the infalling observer
ultimately ends up at the singularity, one might try to
exclude part of the outgoing radiation that such an ob-
server might not be able detect. This would lead to a
incomplete density matrix and unitarity would seem to
be broken.
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Appendix A: Number of particles produced as a
function of time
We use the simple harmonic oscillator basis states with
frequency Ω with respect to the infalling observer. The
mass of the modes (M) with respect to infalling ob-
server will also be changed accordingly and it is related
to mass(m) in η coordinates as
M =
m
λ
(A1)
The wavefunction of harmonic oscillator states can be
written as
ϕ(b) =
(
MΩ
pi
)1/4
e−MΩb
2/2
√
2nn!
Hn(
√
MΩb) (A2)
where Hn are the Hermite polynomials. Then Eq. (46)
together with Eq. (47) gives
cn =
(
λ
Ωpi2ρ2
)1/4
eiα√
2nn!
∫
dζe−Pζ
2/2Hn(ζ)
≡
(
λ
Ωpi2ρ2
)1/4
eiα√
2nn!
In (A3)
where
P = 1− iλ
Ω
(
ρv
λρ
+
i
ρ2
− y
m
)
. (A4)
To find In consider the corresponding integral over the
generating function for the Hermite polynomials
J(z) =
∫
dζe−Pζ
2/2e−z
2+2zζ
=
√
2pi
P
e−z
2(1−2/P ) (A5)
Since
e−z
2+2zζ =
∞∑
n=0
zn
n!
Hn(ζ) (A6)
∫
dζe−Pζ
2/2Hn(ζ) =
dn
dzn
J(z)
∣∣∣
z=0
(A7)
Therefore
In =
√
2pi
P
(
1− 2
P
)n/2
Hn(0). (A8)
Since
Hn(0) = (−1)n/2
√
2nn!
(n− 1)!!√
n!
(A9)
and Hn(0) = 0 for odd n, we find the coefficient cn for
even values of n,
cn =
(−1)n/2eiα
(λ−1Ωρ2)1/4
√
2
P
(
1− 2
P
)n/2
(n− 1)!!√
n!
. (A10)
For odd n, cn = 0.
Appendix B: Trace calculations
In this part we will prove that the trace of the system
will add up to unity. Lets take
ξ =
∣∣∣∣1− 2P
∣∣∣∣ . (B1)
Now,
Tr(ρ) =
∑
n=even
|cn|2
=
2√
Ωρ2λ−1|P |
∑
n=even
(n− 1)!!
n!!
ξn
=
2√
Ωρ2λ−1|P |
1√
1− ξ2
=
2√
Ωρ2λ−1|P |
1√
1− ∣∣1− 2P ∣∣2 (B2)
Inserting the expressions for P and little algebra gives
Tr(ρ) = 1.
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